LECTURE NOTES ON SCHAUDER ESTIMATES

BO YANG

1. INTRODUCTION

In the lecture notes we will prove the Schauder estimates for viscosity solutions.
Throughout the notes we will always assume that a;; € C(B;) satisfies

MéP < a;; ()€€ < A€l for any = € Byand any ¢ € R"
for some positive constants A and A and that f is a continuous function in B .

The notes are organized as follows. An equivalent characterization of Holder regu-
larity is given in section 1. In section 2, we will give an approximation result which
plays an important role in the disscussion of regularity theory. Section 3 deals with
the Schauder estimates for viscosity solutions.

2. HOLDER REGULARITY

In the following, we give one way to approach C* C%® and C?“ estimates(a €
(0,1)) via approximation by constants, planes and paraboloids respectively.

Lemma 2.1. A function u is in C* if and only if for all x € Q), there is some constant
C, and a uniform constant K such that

||u — CIHLOO(BT(x)) S K’}"a.
Furthermore, if supg [C;| + K < M for all z € €, then |ul|gaq) < M.

Proof : This is an immediate consequence of the definition of Holder regularity.
The picture is that u is trapped between two a-polynomials of opening K at every
point.

Lemma 2.2. A function u is in CY*(Q) if and only if for any x € Q, there is some
affine approzimation l,(y) = a, + (by,y — x) and a uniform contant K such that

Ju— l$||L°°(B7.(x)) < Krite.
Furthermore, if supgla,| + supqlb,| + K < M then
||U||C1,Q(Q) S M.

The picture is that u is trapped between two o+ 1-polynomials of opening K at every
point.
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Proof : First, if u € CY*(Q), then Vz € Q, let I,(y) = u(x) + (Du(z),y — x) and
K = [Du]ce(q). Then for any y € B,(z), by Taloy’s expansion we have

u(z) — Loyl = [{Du(§) — Du(@),y — z)| < Kri*e.

Next, if we let f,.(z) = 1 f(rz) be the linear rescaling of any function f. Let 2 and y be
two points a distance r apart, and by translation assume that x and y are symmetric
about 0. By hypothesis,

1l — ly,THLoo(Bl) < lur = lw,rHLoo(Bl) + [Jur — ly,THLoo(Bl) < 2K7r.

Observing that the L*-norm of any affine function on B; controls its coefficients, we
see that | DI, — DI,| < Kr®. The last statement follows because supq|a,|+ supq|b,|+
K is the C**-norm of u.

Remark 2.3. In the proof of above lemma, we need to point out that if l.(y) =
a; + (by,y — x) satisfies ||[u — lﬂC“LOO(BT(x)) < Kr'*te, then we can immediately get u
is differentiable in Q and Du(zx) = DI, = b,. Additionally, if o = 0, this implies
u € C%, not C'. Hence the proof dosen’t work in this case.

Lemma 2.4. A function u is in C**(Q) if and only if for any x € Q, there is some
quadratic polynomial P,(y) = az + (by,y — x) + 3(y — 2)Co(y — 2)* and a uniform
contant K such that

Ju— Pw“LOO(BT(z)) < Kr*te

Furthermore, if supql|a.| + supqa|b.| + supa|C.| + K < M then
||U||CQ,Q(Q) S M.

The picture is that u is trapped between two o+ 2-polynomials of opening K at every
point.

Proof : The proof is similarily as the affine case. But in this case, we should

choose f,(x) = = f(rz) as the quadratic rescaling of a function f. Moreover, if o = 0,

[ = Pyl oo (3, @y < K7? can only implies ', not C?. A detailed proof is left for
you guys to replenish.

3. APPROXIMATION RESULT

Lemma 3.1. Suppose u € C(By) is a viscosity solution of
ClijDijU = f

1

in By with |u| <1 in By. Assume for some 0 < € < ,

||aij - aij(O)HL"(B%) <e.
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Then there exists a function h € C(B
such that

) with a;;(0)D;;h =0 in Bs and |h] < 1in Bs

3
4

lu — h|Loo(B%) <C{e" + “fHL"(B1)}

with C'= C(n, A\, A\) is a positive constant and v = vy(n, A\, A).

Proof : Solve for h € C(Bs) N C>(Bs) such that

3 3
4 4
GU(O)DZJh =0 n B%,
h=u on 83%
The maximum principle implies that |h| < 1 in Bs. Note that u belongs to S\ A, f)
in B;. Corollary 5.11 in H-L implies that u € CQ(E%) for some ao = a(n, A, A) € (0,1)
with the estimate

lellgemy) < €00 A ML+ s}
By Proposition 4.13 in Caffarelli or Lemma 1.35 in H-L, we have
) < Cln A N)Jullee o)
< C(n, A ML+ [ fllens }-

||h||C§(§

3
4

Since u — h =0 on 0B 3 if we let xg be the intersection point of the line connecting
0 and x with 0B 5. We have

Ju() = h(@)] < Ju(z) = ulzo)| + |h(z) — h(zo)|
<C6(1462) {1+ || fllzn(s)}
< COH{1+ 1 lenm)}

for Vo € 9Bs 5. We claim for any 0 <4 <1,
|D2h|L°°(B%,5) <621+ || fllensn ;-

In fact, for any z( € B%_é, we apply interior C*-estimate to h— h(x1) in Bs(zy) C B

3
4
for some 21 € 0Bs(xo) and obtain

|D2h(x0)| < C62 sup |h — h(z)]

Bs(zo)

< CI203 {1+ | fllonemn }-
Note that u — h is a viscosity solution of

aile-j(u — h) = f — (aij - &l](O))Dl]h =F Z?’LB%
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Then by Alexandroff maximum principle(Theorem 5.8 in H-L) and previous estimates,
we have

|U — h|L°°(B§76) S |U/ - h|L°°(8B§76) + OHF“LH(BQ,(;) (*>
1 1 1
< |u— h\Loo(aBg—s) + C’DQh‘LOO(B%_é)Haij - aij(o)HL"(B%) + Cll fllzn(sy)
<CO+622) {1+ | fllznn } + Cllfllnsy)-

Take § = g2 < % and vy = 7, this finishes the proof.

Remark 3.2. In the proof of above lemma, we use the interior C*-estimate for second
order elliptic equations with constant coefficients. In fact, it is a generalization of
Proposition 1.13 in H-L. We give a short proof in the following.

Theorem 3.3. Suppose that h € C(Br)NC>(Bp) satisfies a;jD;jh = 0 in Bg, where
A = (ajj)nxn 15 a constant, positive definite matriz with minimal eigenvalue A and
mazimal eigenvalue A. Then we have

C(n’—)"/\)max‘h‘

D2h(0)] <
D ()] < = ma

_ Proof : Let y = Bz, where B is an invertible matrix to be determined. Define
h(y) = h(z), simple calculation yields: (D2h) = B"(D;h)B. Hence we have

tr(AD2h) = tr(AB"D2hB) = tr(BAB" D}h) = 0.

A is positive definite with eigenvalues 0 < A = X\ < Ay < --- < A\, = A. Then there
exists an orthogonal matrix P such that

PAPT = diag(\y,------ An).

If we let B = diag(\/%, ------ ,\/%)P, then BABT = I and A,h = 0. Note that

after the linear transformation B, Br becomes an ellipsoid which has the equation

n
> Nzl < R
=1

It is easy to find that the ellipsoid has a inscribed ball: Y7 22 < R%. Hence by
Proposition 1.13 in H-L, we deduce that

¢ max |h|.

| Dyh(0)] <
Yy RQ BR/\/K

Change y back to x and notice that the pre-image of ER VA Is in Bp, this gives the
consequence immediately.
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Remark 3.4. In the proof of this lemma, we apply the Alexandroff maximum prin-
ciple, but in fact it can’t be used directly, we should define two auxiliary functions as
follows:

g1(@) = |u = hlr=@py ) = (u="),
92() = |u = hlr~opy ) + (u—h).

Then apply the Alezandroff mazximum principle to g1, g2 in B%_(; respectively and after
a simple argument, we can get (*).

4. SCHAUDER ESTIMATES

Definition 4.1. A function g is Holder continuous at 0 with exponent o in L™-sense
of
1 1

o ) = sup —(—
9)ez. o 0<7~I<)1 7“0‘(|Br| B,

ny L
lg = g(0)[") < o0
Theorem 4.1. Suppose u € C(By) is a viscosity solution of
CLZ'j.Dij’U/ = f
in By, assume {a;;} is Holder continuous at 0 with exponent o in L"-sense for some

a € (0,1). If f is Holder continuous at 0 with exponent o in L™-sense, then u is C**
at 0. Moreover there exists a polynomial P of degree 2 such that

|t — P|roe(s,(0)) < Cur®™®,
|P(0)| + |DP(0)| + |D*P(0)| < C,
Cy < C(|ulpe(my) + [£(0)] + [flee, o)

where C' is a positive constant depending only on n, A\, A, « and [Gij]cgn 0)-

Proof : First we assume that f(0) = 0. For that we may consider v = u —
bijx;x; f(0)/2 for some constant matrix (b;;) such that a;;(0)b;; = 1. By scaling we
also assume that [a;j]ce, (o) is small. In fact, if we define

u(y) = u(Ry),
aii(y) = aij(Ry),
f(y) = R*f(Ry).

Then @ € C(Bg) is a viscosity solution of a;;D;;ji = f. Hence

N 11 ~ _ ,
Qijloe, 0y = sup —(——=— a;;(y) —a;;(0)]")»
[@ij]ce, 0) S s (g BTI i(y) —ai;(0)[")
R Sy i (2) — ag; (0)|")7

= sup a;j(2) — agj n.

o<r<1 (RP)*"|Brs| Jp, =~ !
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Then R small implies [a;]ce, o) is small. Next by considering

u

[l (s + 5 fles. 0
for 6 > 0, we may assume |u|p~(p,) < 1 and [f]ce, @) < 0.
In the following we prove that there is a constant o > 0, depending only on n, A\, A
and «, such that if u € C(By) is a viscosity solution of a;;D;;u = f in By, with
1
|1B:| Jb,

for any 0 < r < 1, then there exists a polynomial P of degree 2 such that for any
0<r<l1

n l (0%
[ulpemy <1, [ailos, ) <6, ( |f]")m < or

(4.1) lu — P|roo(p, () < Cr¥t®
and
(4.2) |P(0)] 4+ [DP(0)| + [D*P(0)] < C

for some positive constant C' depending only n, A\, A and «.
We claim that there exists 0 < u < 1, depending only on n, A\, A and «, and a sequence
of polynomial of degree 2

1
Pk(l') =ai + bk -+ §xt0kx

such that for any £ =0,1,2,---

(4.3) a;;(0) Dy Py = 0,
(4.4) lu — Pk:|L°°(BHk) < )
and

(4.5) |ax — ax—a| + 4 bk — b | + 2 F VIO = Cra| < CptDEF),

where Py = P_; =0 and C' is a positive constant, depending only on n, A\, A and «.
We first prove that Theorem 4.1 follows from (4.3), (4.4) and (4.5). It is easy to see
that ag, by, and C} converge and the limiting polynomial

1
P(z) = oo + boo - =+ §xtC’oox

satisfies

|Pe(a) = P(2)] < Y|Pt () = Pu(@)]

<C Z(u(a+2)k + |x|u(a+1)k + ‘x’2uak>

m=k

< OM(2+OC)]€
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for any |z| < p*. Hence we have for |z| < p*,
u(z) — P(z)| < |u(z) — Pe()| + |Pi(z) — P(x)] < Cul®+o*,
Hence for any x € By, ko > 0 such that gt < |z| < pko, then

|U(l‘) _ P(CL’)| < Ouk;o(?—f—a) _ (ko+1)(2+a) < O|$|2+a,

M2+au
which means (4.1).
To prove (4.2), observe that
o0 o0 . C
’aool < Z |ak - akfll < CZM(k+1)(2+ ) = m = C(n, )\,A,Oé).

k=1 k=1

|boo |, |Cso| can be calculated similarily, hence (4.2) is get under the claim.
Now we prove (4.3),(4.4) and (4.5). Clearly (4.3),(4.4) and (4.5) hold for k£ = 0.
Assume they hold for k =0,1,2,...,[, we prove for k = [+ 1. Consider the function

~ 1 l
u(y) = W(u — FP)(1'y)

for y € By. Then @ € C(By) is a viscosity solution of a;;D;;u = f in By with
aii(y) = ay(p'y),
~ 1
fly) = W{f(/ﬁy) — ai(p'y)Di; P}

Now we check that @ satisfies the assumptions of Lemma 3.1. For that we calculate
1
[aij(y) — aij ()| n(my) < laijleg, o) - wi - 1

1

< wgo,

la

|| oo (By) < 1,

~ 1
[ fllznBy) < Wﬂf(ﬂly)HLn(Bl) +sup |D?B|||ai; (1'y) — a5 (0) || (sy)

1 1 1
<wji -0+ SWhE -0
1—pe
1
AT
< .
S 1 e

1 —
We take ¢ = ?zf’z,f < 4 in Lemma 3.1, there exisits a function h € C(B%) with

a;;(0)D;;h =0 in B3 and |h| <1in B3, such that
| — h|rep,) < Ci{e” + e} <20¢7,

1
2
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where C = Cy(n, A\, A) and v = y(n, A\, A). Write

P(y) = h(0) + Dh(0) + Zﬂiﬂ.

Then by interior estimate similarily as Proposition 1.31 in H-L, we have

|1] — P|L°°(BM) S |ﬂ — h’LOO(BM) + |h — P|L°°(Bu)
< 20187‘}‘02#3

1

2w
1 —pe
S Mz-{-a’

= 201( )PY + CQ,LL3

where Cy = Cy(n, A, A) and by choosing p small and then € small accordingly. Rescal-
ing back we have

u(e) = Pla) - @ Plpila)] < e
for any x € B+1. If we define
Pii(z) = P(x) + p'® ) P(u'a),

next we prove that P(x) satisfies (4.3), (4.4) and (4.5).
First, (4.3) and (4.4) is satisfied obviously. To prove (4.5), notice that
v — arl + gl b — bl + @ Cre — Gi| < @I (|0(0)] + | DR(O)] + | D1 (0)])
< C(n, N\ A, o) pl@He),

The last inequality follows from Theorem 3.3.

Remark 4.2. Review the proof above, keep in mind that what we really need is the
existence of & and p. Both of them must be independent of | in the iteration process,
we see that & and p must satisfies the following inequalities:

1

2wy o 1
4.6 < —
(4.6) 1—p> 16’
1
4.7 < =
(4.7) nE g
2wy d N 3 2t
(4.8) 201(1 — )T+ Cop” <
if we let
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we can deduce

1 Iu2+a 1
0=—= (7)1 —n%),
2wy 4G
. 1 1 1 401 1
p< mln{a, (2—02)1*”‘, (1—m)2*“}-

Remark 4.3. The generalization of proposition 1.31 in H-L. The proof is similarily
as the argument in Theorem 3.3, by choosing the cutoff function n appropriately.

Remark 4.4. Think about where the conditions apply in the proof of Theorem 4.1
and which assumption fails if we want to give C* estimates. How to modify the
condition in order to make the similar proof work?

Theorem 4.5. Suppose u € C(By) is a viscosity solution of

CLZ'j.Dij’U/ = f
in By. Then for any o € (0,1), there exists an 6 > 0 depending only on n, \, A and
a, such that if

1

1
sup ( |lai; — a;i;(0)]")» <0,
0<r<1 ‘Br‘ B,
11—« 1 ny L
sup 1 %( |f]") < oo,
0<r<1 |Br| B,

then u is C%* at 0; That is, there exists an affine function L such that
lu — L|eo(p,(0y) < Cor' ™,
|L(0)] + [DL(0)] < C

and 1
—a ny+
Co < C(lulpepy + sup m (5= [ [f1")7),
0<r<1 |Br| B,

where C' is a positive constant depending only on n, A\, A, c.

Remark 4.6. According to Theorem 4.1 and Remark 4.4, the proof is actually similar
to that of Theorem 4.1, we don’t give a concrete proof here, but it will be discussed in
the seminar if necessary.



